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Abstrat
In many appliations, and in partiular in seismology, realisti propagation media dis-
perse and attenuate waves. This dissipative behavior an be taken into aount by using
a visoaousti propagation model, whih inorporates a omplex and frequeny-dependent
visoaousti modulus in the onstitutive relation. The main diulty then lies in nding an
eient way to disretize the onstitutive equation as it beomes a onvolution integral in
the time domain. To overome this diulty the usual approah onsists in approximating
the visoaousti modulus by a low-order rational funtion of frequeny. We use here suh an
approximation and show how it an be inorporated in the veloity-pressure formulation for
visoaousti waves. This formulation is oupled with the titious domain method whih
permit us to model eiently diration by objets of ompliated geometry and with the
Perfetly Mathed Layer Model whih allows us to model wave propagation in unbounded
domains. The spae disretization of the problem is based on a mixed nite element method
and for the disretization in time a 2nd order entered nite dierene sheme is employed.
Several numerial examples illustrate the eieny of the method.
1 Introdution
Real media attenuate and disperse propagating waves [19℄. Our aim in this paper is to develop
a numerial method to model suh dissipative phenomena (dispersion plus attenuation) in the
time domain. To do so we onsider the linear visoaousti equation whih is a onvolution in the
time domain, the visoaousti modulus being frequeny dependent. Therefore, inorporating
any arbitrary dissipation law in time-domain methods is in general omputationally intense. The
usual way to overome this diulty is to approximate the visoaousti modulus by a low-order
rational funtion [17, 18, 12, 10℄. This leads to replaing the onvolution integral by a set of
variables, usually referred to as memory variables, whih satisfy simple dierential equations
that an be easily disretized in the time domain.
Several methods have been proposed in the literature for inorporating realisti attenuation
laws (e.g. frequeny-independent or weakly frequeny-dependent visoaousti modulus) into
time-domain methods [17, 18, 10, 12, 13, 14℄. We fous our attention in this paper on the methods
proposed by Day and Minster (1984), Emmerih and Korn (1987), and Blanh, Robertson and
Symes (1995). All three methods use some approximation of the visoaousti modulus by a low-
order rational funtion. The rst approah is based on the standard Padé approximation. The
oeients of the rational approximation are thus in priniple known analytially. Numerial
results obtained using this method show that the approximation is poor and the method provides
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satisfatory results only for relatively short (in terms of the wavelength) propagation paths. The
seond approah is based on the rheologial model of the generalized Maxwell body, whih gives
a physial meaning to the oeients of the rational approximation. They are interpreted as
the relaxation frequenies and weight fators of the lassial Maxwell bodies, whih form the
generalized Maxwell body. This method provides good numerial results for long propagation
paths, but some parameters, namely the relaxation frequenies are semi-empirially determined.
Finally, the third method is based on the observation that for the frequeny-independent ase
and for weakly attenuating materials the weight fators are only slowly varying and an be
approximated by a onstant. This method provides good numerial results, but also involves a
semi-empirial hoie of a parameter.
Although, the previous methods give satisfatory results in the ase of weakly-attenuating
materials they fail in media with large attenuation. This ase was onsidered in a reent paper
[1℄, where the authors propose an analyti method for omputing the best (optimal) rational
approximation for the frequeny independent ase. They also propose a generalization of the
algorithm presented in [18℄ whih leads to very good results in the ase of highly attenuating
media and a frequeny- dependent visoaousti modulus.
After a brief overview of the basi theory desribing wave propagation in visoaousti media
(setion 2), we desribe in setion 3 the approximations proposed in [17℄, [18℄ and [10℄.
Considering long propagation paths, we test the performane of the dierent approximations
and nd that the best method, using the smaller number of unknowns while providing satisfa-
tory numerial results and involving the least number of empirially determined values, is the
one proposed by Emmerih and Korn (1987). We thus hose this method for approximating
the visoaousti modulus. Note that a slight variation of the method proposed in [18℄ is used
here, based on a dierent way of distributing the relaxation frequenies in the bandwidth of the
inident pulse.
In setion 4 we inorporate this approximation in the veloity-pressure formulation for vis-
oaousti waves. Our hoie of using the rst-order-in-time system of equations, instead of the
more lassial seond-order one, is motivated by the use of the titious domain method and
the perfetly mathed absorbing layer tehnique. In [3℄ the authors proposed a similar approah
using the mixed veloity-stress formulation for modeling wave propagation in visoelasti media.
The titious domain method (also alled the domain embedding method) has been devel-
oped for solving problems involving omplex geometries [2, 22, 23, 21, 24℄, and, in partiular,
for wave propagation problems [15, 20, 29, 6℄. In the framework of seismi wave propagation
we apply this method to model the boundary ondition on the surfae of the earth (setion 7).
Its main feature is extending the solution to a domain with simple shape, independent of the
omplex geometry, and to impose the boundary onditions with the introdution of a Lagrange
multiplier. Thus, the solution is determined by two types of unknowns, the extended unknowns,
dened in the enlarged simple shape domain and the auxiliary variable, supported on the bound-
ary of omplex geometry. The main advantage is that the mesh for omputing the extended
funtions an now be hosen independently of the geometry of the boundary.
The Perfetly Mathed Layers (PML) tehnique was introdued by Bérenger [8, 9℄ for
Maxwell's equations and is now the most widely-used method for the simulation of eletro-
magneti waves in unbounded domains (f. [34, 31, 28℄). It has also been extended to the ase
of anisotropi aousti waves [4℄, isotropi [25℄ and anisotropi elasti waves [16, 4℄. This teh-
nique onsists in designing an absorbing layer, alled a perfetly mathed layer (PML), that has
the property of generating no reetion at the interfae between the free medium and the arti-
ial absorbing medium. This property allows the use of a very high damping parameter inside
the layer, and onsequently of a small layer width, while ahieving a near-perfet absorption of
the waves. We apply here the PML model in the ase of visoaousti waves (setion 8).
2
Another advantage of the rst-order formulation over the seond order one, is that it is easier
to implement in heterogeneous media, sine it does not require an approximation of spatial
derivatives of the physial parameters. To disretize this formulation in spae we use a mixed
nite-element method whih is a modiation of the method proposed in [5℄. More preisely, in
[5℄ the authors designed new mixed nite elements, the so-alled Qdivk+1 −Q
k
elements, inspired
by Nédéle's seond family [27℄, whih are ompatible with mass lumping, and therefore allow
to onstrut an expliit sheme in time. A non-standard onvergene analysis of the Qdivk+1−Q
k
elements was arried out in [5℄. However, numerial results obtained reently (f. [7℄) show that,
when oupled with the titious domain method, these elements do not provide satisfatory
results. This is why we use here instead the Qdivk+1−P
k+1
elements for whih onvergene of the
titious domain method was obtained [7℄.
To show the eieny and robustness of the method we present in setion 9 several numerial
results. In partiular, numerial and analytial results are ompared and good agreement is
obtained between the two.
2 Visoaousti wave propagation
In an isotropi visoaousti medium oupying a domain Ω ∈ Rd, d = 1, 2, 3, the relation
between the pressure p(ω) = p(x, ω) and the displaement u(ω) = u(x, ω) in the frequeny
domain is,
p(ω) = µ(ω)divu(ω). (1)
Here, µ(ω) is the omplex, frequeny-dependent, visoaousti modulus.
The dissipative aspet of a material is often desribed by the quality fator Q, dened as the
ratio of the real and imaginary parts of the visoaousti modulus. It expresses how attenuating
a material is and orresponds to the number of wavelengths a wave an propagate through the
medium before its amplitude has dereased by e−π,
Q(ω) =
ℜ(µ(ω))
ℑ(µ(ω))
=
1
tan(φ(ω))
, (2)
where φ(ω) is the phase of µ(ω).
In seismi appliations, Q is usually assumed to be frequeny- independent or only slowly
frequeny-dependent. In this ase (i.e. when Q is onstant in frequeny), the visoaousti
modulus is given analytially by Kjartansson's model [26℄,
µ(ω) = µref
(
iω
ωref
) 2
π
arctan(Q−1)
. (3)
This analytial formulation will be useful for validation of the numerial results in the next
setions.
In the time domain, the onstitutive relation (1) is expressed in terms of a onvolution
operator, denoted here by ⋆t,
p(t) = µ(t) ⋆t divu(t). (4)
The disretization of this equation requires saving in memory the whole history of the solution
at all points of the omputational domain and is thus very expensive. To overome this inon-
veniene, we approximate the visoaousti modulus by a rational funtion in frequeny, as was
proposed in [17, 18, 12, 10℄. It is onvenient in the following to introdue the relaxation funtion
R(x, t), dened by, (see Figure 1),
µ(x, t) =
∂R(x, t)
∂t
; R(x, t) =
(
µR(x) + δµ(x)
∫ +∞
0
r(x, ω′)e−ω
′tdω′
)
H(t), (5)
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where µR is the relaxed modulus,
µR(x) = lim
t→+∞
R(t),
µU is the unrelaxed modulus,
µU (x) = µR(x) + δµ(x) = lim
t→0
R(t),
r(x, ω′) is the normalized relaxation spetrum satisfying∫ +∞
0
r(x, ω′)dω′ = 1,
and H(t) is the Heaviside funtion.
R(t)
U
t=0
t
µ
µ
δµ
R
Figure 1: Shemati example of the relaxation funtion R(t)
Using µ(x, t) dened by (5) in (4) gives,
p(x, t) = µU(x)divu(x, t) − δµ(x)
∫ t
−∞
∫ +∞
0
ω′r(x, ω′)e−ω
′(t−τ)divu(x, τ)dω′dτ.
We now assume that the relaxation spetrum an be disretized by L single peaks of ampli-
tude αl at relaxation frequenies ωl, l ∈ [1...L],
r(x, ω) =
L∑
l=1
αl(x)δ(ω − ωl(x)) ;
L∑
l=1
αl(x) = 1,
In this ase, we get,
R(x, t) ≃ Rl(x, t) =
(
µR(x) +
L∑
l=1
αl(x)e
−ωl(x)t
)
H(t),
and
µ(x, ω) ≃ µl(x, ω) = µR(x)
(
1 +
L∑
l=1
yl(x)iω
iω + ωl(x)
)
. (6)
In (6), we introdued yl(x) dened by,
yl(x) =
δµ(x)
µR(x)
αl(x), with the normalization relation
L∑
l=1
yl(x) =
δµ(x)
µR(x)
.
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Notie that equation (6) an be obtained if one assumes that µ(x, ω) an be approximated by a
rational funtion of (iω),
µ(x, ω) ≃ µl(x, ω) =
PL(x, iω)
QL(x, iω)
, (7)
with PL and QL being polynomials of degree L in (iω). Then (6) an be interpreted as an
expansion of (7) into partial frations [18℄. Thus approximating the visoaousti modulus by a
rational funtion is equivalent to approximating the relaxation spetrum by a disrete one.
For omputational reasons, it is natural to searh for rational funtion approximations of the
visoaousti modulus, whih minimize the ratio: number of unknowns/auray. We therefore
address in the following the question of nding an aurate low-order approximation of the
visoaousti modulus.
3 Approximation of the visoaousti modulus
We now briey introdue the dierent approximation methods previously proposed in the
literature.
3.1 Padé approximation method
The use of the simple Padé approximation in the framework of visoaousti wave propaga-
tion was proposed in [17℄. Letting z = −
1
iω
and introduing,
χ(x, z) =
∫ +∞
0
ω′r(x, ω′)
1− ω′z
dω′,
µ(x, ω) an be re-written in the following form,
µ(x, ω) = µU (x) + δµ(x)zχ(x, z).
The Padé approximation is then used for expanding χ(x, z) into a rational funtion with nu-
merator of degree L− 1 and denominator of degree L. Using the well-known ([30, 11℄) relations
between Padé approximations and orthogonal polynomials one gets,
χ(x, z) =
L∑
l=1
λl(x)
1− ωl(x)z
,
where ωl are the zeros of the orthogonal polynomial PL, and λl are the residuals given by,
λl(x) =
kL
kL−1PL−1(ωl(x))P ′n(ωl(x))
,
kL being the leading oeient of PL and where the prime denotes the derivative of PL. Reall
that the orthogonal polynomials are dened by,∫ Ω2
Ω1
Pn(ω
′)Pm(ω
′)ω′r(ω′)dω′ = δmn,
where δmn is the Kroneker symbol. When the quality fator is onstant over a frequeny
band, λl and ωl an be obtained in losed form. Moreover, when Q≪ 1, the relaxation spetrum
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r(x, ω) is proportional to ω−1. Assuming that r(x, ω) is zero outside the frequeny interval
[Ω1,Ω2] we obtain the approximation,
µ(x, ω) ≃ µl(ω) = µU
(
1−
Ω2− Ω1
πQ
L∑
l=1
νl(x)
iω + ωl(x)
)
, (8)
where ωl =
1
2
[xl(Ω2 − Ω1) + Ω2 + Ω1], xl and νl being respetively the zeros and weights of
the Legendre polynomials. Notie that the relaxation frequenies ωl are in this ase equidistant
on a linear sale. The main advantage of this approximation is that all data are analytially
determined. For more details on this method the reader an refer to [17℄.
3.2 Generalized Maxwell Body approximation method
We desribe here the method proposed in [18℄. First let us re-write (6) as,
µl(x, ω) = µR(x) + δµ(x)
L∑
l=1
αl(x)iω
iω + ωl(x)
. (9)
Eah term of (9) an be interpreted as a lassial Maxwell body with visosity αl
δµ
ωl
and elasti
modulus αlδµ. The term µR in (9) represents an additional elasti element. The Q-law for the
generalized Maxwell body approximation an be obtained from (9),
Q(x, ω)−1 =
ℑ(µ(x, ω))
ℜ(µ(x, ω))
=
∑L
l=1 yl(x)
ω
ωl(x)
1+( ω
ωl(x)
)2
1 +
∑L
l=1 yl(x)
( ω
ωl(x)
)2
1+( ω
ωl(x)
)2
. (10)
Assuming now that δµ≪ µR, (10) beomes,
Q(x, ω)−1 ⋍
δµ(x)
µR(x)
L∑
l=1
αl(x)
ω
ωl(x)
1 + ( ωωl(x))
2
. (11)
This means that Q(ω)−1 is approximately the sum of n Debye funtions with maxima αl
δµ
2µR
loated at frequenies ωl. If Q is fairly onstant in a frequeny band, the most natural hoie for
the relaxation frequenies ωl is a logarithmi equidistant distribution. In this ase, to obtain a
good approximation of Q(ω)−1, the distane between two adjaent relaxation frequenies should
be hosen smaller or equal to the half-width of the Debye funtion (1.144 deades). In [18℄
two ways for hoosing ωl were proposed: ωl an be hosen logarithmially-equidistant in the
frequeny band [Ω1,Ω2] or determined by ωl =
2ωdom
10l
where ωdom is the dominant (entral)
frequeny of the soure onsidered in the simulations. In both ases, the oeients yl are
obtained by solving the overdetermined linear system
L∑
l=1
yl(x)ω˜k(x)
ωl(x)− Q˜
−1(x, ω˜k(x))ω˜k(x)
ωl(x)2 + ω˜k(x)2
= Q˜−1(x, ω˜k(x)), k ∈ [1, 2, ..K], (12)
where, ω˜k are dened by
ω˜1 = Ω1,
ω˜k+1 = ω˜k(
Ω2
Ω1
)
1
2 .
Let us remark that the determination of ωl for this approximation is based on an empirial
study.
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3.3 The τ-method
This method, proposed in [10℄ is based on the observation that dissipation due to only one
Maxwell Body an be determined by a unique dimensionless parameter τ . More preisely, for
Q≫ 1 and L = 1, equation (11) beomes,
Q(x, ω)−1 =
ω
ω1(x)
τ(x)
1 + ( ωω1(x))
2
,
where τ = y1 ≪ 1. It is then easy to see (f. [10℄), that ω1 essentially determines the
frequeny behavior of Q while τ determines its magnitude. In the general ase for L > 1, and
when one seeks an approximation of a onstant Q value, yl are quasi-onstant
and equation (11) an be approximated by,
Q(x, ω)−1 =
L∑
l=1
ω
ωl(x)
τ(x)
1 + ( ωωl(x))
2
. (13)
In (13), Q(ω)−1 is linear in τ . One an therefore nd the best approximation, in the least-squares
sense, over a predened frequeny range to any Q0 by minimizing over τ the expression,
J =
∫ Ω2
Ω1
(Q−1(ω, ωl, τ)−Q
−1
0 )
2dω. (14)
The approximation of the visoaousti modulus in this ase is,
µl(x, ω) = µR(x)
(
1 +
L∑
l=1
τ(x)iω
iω + ωl(x)
)
. (15)
The relaxation frequenies ωl are hosen, as for the Generalized Maxwell Body method, equidis-
tant on a logarithmi sale. Equation (15) leads in general to an over-estimation of the value
of Q. Thus the authors in [10℄ suggest to use in the denition of J (14) a value for Q0 slightly
smaller than the desired one. This value is also hosen empirially.
3.4 Comparison of the dierent approximation methods
To test the auray of the dierent approximation methods previously presented, we om-
pute the response of a one-dimensional visoaousti homogeneous medium to the following
pulse,
s(t) = sin
(
2πt
T
)
− 0.5sin
(
4πt
T
)
for 0 < t < T , T = 0.3s. (16)
The solution is obtained by onvolving the soure funtion s(t) with the dissipation operator
D(t) (the Green's funtion for the 1D problem). For an arbitrary dissipation law, the Fourier
transform D(ω) of D(t) is given by [18℄,
D(ω) = e
iωt⋆Q(ωr)
(
1− c(ωr)
ν(ω)
)
, (17)
where c(ωr) is the phase veloity at the referene frequeny ωr, ν(ω) the omplex veloity, and
t⋆ =
x
c(ωr)Q(ωr)
the dissipation time. For a frequeny independent Q, the value of
c(ωr)
ν(ω)
=
|µ(ωr)|
µ(ω)
,
7
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Figure 2: Comparison between the dierent approximation methods. Correlation oeient
between the exat and the approximated solutions as a funtion of the dissipation time.
an be determined from equation (3) ombined with one of (6), (8) or (15), depending on
the approximation method used.
In the numerial example, we want to approximate Q = 20 over the frequeny range
[10−2, 102] Hz, like in [18℄.
To better illustrate the results, we present in Figure 2 the evolution of the orrelation oef-
ient between the exat solution (the one obtained for the visosity modulus alulated from
(3)) and the dierent approximated ones (alulated with the visosity modulus provided by
(6), (8) or (15)) as a funtion of the dissipation time.
More preisely in Figure 2 we ompare the results obtained with the following approxima-
tions,
• Padé approximation with L = 5.
• Maxwell Body approximation with L = 3 and relaxation frequenies hosen logarithmially-
equidistant over the frequeny range [10−1.5, 101.5] Hz (f. [18℄). We all this hoie
method 1.
• Maxwell Body approximation with L = 3 and relaxation frequenies hosen equidistant
on a logarithmi sale, suh that, ωl =
2ωdom
10l
(f. [18℄). We all this hoie method 2.
• The τ -method with Q0 = 17.6 (value proposed in [10℄ to model the propagation in a
visoaousti medium with Q = 20) and L = 3.
The results illustrated in Figure 2, show that the Padé approximant provides good auray
only for short dissipation times, as demonstarted in [18℄. The τ -method provides a good a-
uray/number of alulations ratio. However, we did not hoose this method beause Q0 has
to be alibrated empirially in order to get good results. The Generalized Maxwell Body ap-
proximation method seems to be a good ompromise between auray, number of alulations,
and implementation simpliity. As our aim is to simulate visoaousti wave propagation in
heterogeneous media for large dissipation times, we hose a method whih is a hybrid of the
Maxwell approximation methods 1 and 2.
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3.5 Proposed method
In pratie, the soure type used depends on the appliation of interest. In our ase, the
main appliation of interest is seismi wave propagation for whih a Riker wavelet is often used
as soure funtion,
f(t) = −2α2
(
1− 2α2
(
t−
1
f0
)2)
exp
(
−α2
(
t−
1
f0
))
, for 0 < t ≤
2
f0
, with α = πf0. (18)
In Figures 3 and 4 we display the soure funtion (18) and its spetrum for two dierent
0 0.5 1 1.5 2
−120
−100
−80
−60
−40
−20
0
20
40
60
t(s)
Figure 3: The Riker wavelet f(t) for f0 =
2.5Hz (solid line) and for f0 = 1Hz (dashed
line).
0 2 4 6 8 10
0
0.5
1
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2
2.5
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ν(Hz)
Figure 4: The frequeny spetrum of the
Riker wavelet for f0 = 2.5Hz (solid line) and
for f0 = 1Hz (dasged line).
values of f0. Compared to the soure funtion dened by (16), the Riker wavelet has a broader
frequeny spetrum and method 2 did not give as good results in this ase as the ones obtained
with the soure (16). Following the ideas in [18℄, we want to nd a way to hoose the frequeny
band [Ω1,Ω2] as a funtion of the soure type and then determine the relaxation frequenies ωl
logarithmially equidistant in this bandwidth. We found that a good hoie for a Riker wavelet
type of soure is [Ω1,Ω2] = [
ωmax
100
, ωmax], where ωmax is the maximal frequeny of the employed
soure spetrum. None of the above approximation methods is ompletely satisfatory in our
opinion beause the hoie of the relaxation frequenies is always empirial.
To avoid this, one an follow the approah proposed in [1℄ where a non-linear minimization
problem is onsidered whih permits to determine all the oeients (both yl and ωl ∀l ∈ [1, L]).
However, this method is more expensive and although it improves the auray of the solution
for media with high damping (Q ≤ 10) it provides quite similar results with the proposed method
for propagation in weakly attenuating media (Q ≥ 10) [1℄. As we are interested in media with
quality fators greater than 10, we will use in the following the linear minimization method
(system (12)).
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4 The mixed veloity-pressure formulation
By inorporating (6) into (1) we get,
p(x, ω) = µR(x)div(u(x, ω)) + µR(x)
L∑
l=1
yl(x)iω
iω + ωl(x)
div(u(x, ω)). (19)
We now introdue the memory variables ηl dened by,
(iω + ωl(x))ηl(x, ω) = µR(x)yl(x)div(v(x, ω)), (20)
where v is the veloity, i.e., the time derivative of the displaement u. Equation (20) in the time
domain beomes,
∂ηl(x, t)
∂t
+ ωl(x)ηl(x, t) = µR(x)yl(x)div(v(x, t)). (21)
Using the denition of ηl and multiplying (19) by (iω), we get,
(iω)p(x, ω) = µR(x)div(v(x, ω)) +
L∑
l=1
(iω)ηl(x, ω),
or equivalently in the time domain,
∂p
∂t
= µRdiv(v) +
n∑
l=1
∂ηl
∂t
. (22)
Combining (22), (21) and the equation of motion, we obtain our nal system of equations,
ρ
∂v
∂t
−∇p = f in Ω×]0, T ],
∂p
∂t
−
n∑
l=1
∂ηl
∂t
= µRdiv(v) in Ω×]0, T ],
∂ηl
∂t
+ ωlηl = µRyldiv(v),∀l in Ω×]0, T ].
(23)
Equivalently, one an hose to eliminate the pressure and obtain a seond-order-in-time equation
for the displaement by introduing adequate memory variables [18℄. We prefer, however, the
rst-order veloity-pressure formulation for the following reasons,
• It an be oupled with the titious domain method for taking into aount diration by
objets of ompliated geometry.
• A perfetly mathed layer model (PML) an be written for this system. This permits us
to simulate eiently wave propagation in unbounded domains.
• This system is easier to implement in heterogeneous media, sine it does not require an
approximation of the spatial derivatives of the physial parameters.
An equivalent rst-order veloity-pressure system is proposed in [12℄ and [10℄. In [12℄ the authors
used a pseudospetral method for the disretization while in [10℄ a staggered nite dierene
sheme was used. Our aim being to ouple this system with the titious domain method,
we propose here instead the use of a mixed-nite element method on regular grids. A similar
approah was proposed in [3℄ where the authors use a mixed-nite element method to disretize
the veloity-stress formulation for visoelasti wave propagation.
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5 Disretisation
A mixed formulation assoiated to equations (23) is given by,
Find (v, p,H) :]0, T [7−→ X ×M × (M)L s.t. :
d
dt
(ρv,w) + b(w, p) = (f ,w), ∀w ∈ X,
d
dt
(
1
µR
p, q)−
L∑
l=1
d
dt
(
1
µR
ηl, q)− b(v, q) = 0, ∀q ∈M,
d
dt
(
1
µRyl
ηl, q) + (
ωl
µRyl
ηl, q)− b(v, q) = 0, ∀l, ∀q ∈M,
(24)
where H is the L-dimensional vetor with omponents ηl, and
b(w, q) =
∫
Ω
q divw dx, ∀(w, q) ∈ X ×M.
The funtional spaes are X = H(div; Ω), and M = L2(Ω).
We now introdue some nite element spaes Xh ⊂ X, and Mh ⊂M of dimensions N1 and N2
respetively. The semi-disretization in the spae of problem (24) is,
(Vh, Ph,Hh) ∈ L
2(0, T ; IRN1)× L2(0, T ; IRN2)× L2(0, T ; (IRN2)L) s.t. :
Mv
dVh
dt
+BhPh = Fh,
Mp
dPh
dt
−
L∑
l=1
Mp
d(Hh)l
dt
−BTh Vh = 0,
My
d(Hh)l
dt
+Mω(Hh)l −B
T
h Vh = 0, ∀l,
(25)
where BTh denotes the transpose of Bh.
In pratie, we only onsider regular domains in IRd, d = 1, 2 that an be disretized with a
uniform mesh Th omposed by segments or squares of size h, depending on the dimension of the
problem. The nite element spaes we use are
Xh =
{
wh in X / ∀K ∈ Th,wh |K ∈ (Q1)
d
}
,
and
Mh =
{
qh ∈ L
2 / ∀K ∈ Th, qh|K ∈ P0(K)
}
.
This mixed nite element was introdued in [5℄ and is illustrated in Figure 5.
When oupled with the titious domain method, this hoie of nite elements presents some
inonvenienes. In partiular, for the aousti wave equation problem we annot prove the
onvergene of the method from the theoretial point of view. Moreover, numerial results show
that the method onverges under restritive onditions on the disretization parameters. Thus,
when the method is oupled with the titious domains, we replae Mh by M
1
h dened by,
M1h =
{
qh ∈ L
2 / ∀K ∈ Th, qh|K ∈ P1(K)
}
.
This nite element is presented Figure 6. In this ase onvergene for the aousti waves problem
oupled with the titious domain method was obtained [7℄.
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Figure 5: Finite element vh ∈ Xh, (ph, (ηl)h) ∈Mh ×Mh
For omputational reasons, however, it is natural to seek a disretization whih uses the least
number of variables. In the proposed sheme pressure is thus disretized on the spae M1h and
the memory variables ηl are disretized on Mh. The semi-disretization of the problem (24) in
this ase is,
(Vh, Ph,Hh) ∈ L
2(0, T ; IRN1)× L2(0, T ; IRN2)× L2(0, T ; (IRN3)L) s.t. :
M1v
dVh
dt
+B1hPh = F
1
h ,
M1p
dPh
dt
−
L∑
l=1
M0p
d(Hh)l
dt
−B1,Th Vh = 0,
M0y
d(Hh)l
dt
+M0ω(Hh)l −B
0,T
h Vh = 0, ∀l.
(26)
In both ases (pressure disretized onMh orM
1
h), we use a seond order entered nite dierene
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Figure 6: Finite element vh ∈ Xh, (ph, (ηl)h) ∈M
1
h ×Mh
sheme for the disretization in time (here presented in the more general ase with the pressure
disretized on M1h),
(V n+1h , P
n+ 3
2
h ,H
n+ 3
2
h ) ∈ IR
N1 × IRN2 × (IRN3)L,
M1v
V n+1h − V
n
h
∆t
+B1hP
n+ 1
2
h =
(
F 1h
)n+1/2
,
M1p
P
n+ 3
2
h − P
n+ 1
2
h
∆t
−
L∑
l=1
M0p
(Hh)
n+ 3
2
l − (Hh)
n+ 1
2
l
∆t
−B1,Th V
n+1
h = 0,
M0y
(Hh)
n+ 3
2
l − (Hh)
n+ 1
2
l
∆t
+M0ω
(Hh)
n+ 3
2
l + (Hh)
n+ 1
2
l
2
−B0,Th V
n+1
h = 0,∀l.
(27)
The numerial sheme (27) beomes expliit in time when an adequate quadrature formula is
used to approximate the matrix M1v . Note that the other mass matries (M
0
p , M
1
p , M
0
y , and
M0ω) are diagonal, sine the spaes Mh and M
1
h are omposed of disontinuous funtions. For
more details on the quadrature formulas used we refer the reader to [5℄.
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6 Stability and dispersion analysis
For the ontinuous problem, the energy is dened by
ε =
1
2
(ρv,v) +
1
2
(
p−
L∑
l=1
ηl, p −
L∑
l=1
ηl
)
+
L∑
l=1
1
2ylµR
(ηl, ηl) . (28)
This quantity is positive (for yl positive) and we have,
∂ε
∂t
= −
L∑
l=1
wl
µRyl
||ηl||
2 ≦ 0. (29)
That is, the energy dereases as a funtion of time, whih expresses the dissipative nature of the
problem.
In the disrete ase a stability analysis based on energy tehniques permits us to show that
the disrete sheme is stable under the following CFL ondition (in homogeneous media and for
both hoies Mh and M
1
h for the pressure disretization),
∆t2
4
µR
ρ
||Bh||
2
(
1 +
L∑
l=1
yl
)
≦ 1, (30)
with ||BThBh|| ≧
4
h2
in 1D and ||BThBh|| ≧
8
h2
in 2D. Note that these are the usual CFL onditions
obtained in the non-dissipative ase multiplied by
(
1 +
L∑
l=1
yl
)
.
Furthermore, the dispersion relation also presents a similar aspet. For the the ontinuous
problem we have,
ω2 = k2c2
(
1 +
L∑
l=1
iωyl
iω + ωl
)
. (31)
For the disrete problem in 1D we obtain,
sin2
(
ω∆t
2
)
=
∆2t c
2
4
(
sin2
(
k∆x
2
))(
1 +
L∑
l=1
2iyl tan
(
ω∆t
2
)
∆tωl + 2i tan
(
ω∆t
2
)) , (32)
and in 2D we get (for both hoies Mh and M
1
h of the pressure disretization),
sin2
(
ω∆t
2
)
=
∆2t c
2
4
(
sin2
(
kx∆x
2
)
+ sin2
(
ky∆y
2
))(
1 +
L∑
l=1
2iyl tan
(
ω∆t
2
)
∆tωl + 2i tan
(
ω∆t
2
)) . (33)
In gure 6 we have plotted the dispersion and attenuation urves as funtion of 1/N (N
being the number of points per wavelength used in the disretization) for a plane inident wave,
whose inident angle is 0 or π/4 for the 2D ase. Note, in partiular, that the 1D sheme is no
longer exat as it is the ase in non-dissipative media. Depending on the angle of inidene, the
2D sheme may be more or less dispersive than the 1D one.
Demonstration and details of the alulations for the stability and the dispersion relations
for the disrete problem are exposed in the Appendix A and B.
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Figure 7: Dispersion and attenuation urves for a plane inident wave, with inident angle 0 or
π/4 for the 2D ase.
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7 The titious domain method
To model the free-surfae boundary ondition on the surfae of the earth we use the titious
domain method whih has been developed for solving problems involving omplex geometries
[2, 22, 23, 21, 24℄, and in partiular for wave propagation problems [15, 20, 29, 6℄.
We follow here the approah proposed in [6℄. Consider the visoaousti wave propagation
problem in a domain with a omplex geometry suh as the one desribed in Figure 8. The initial
problem is posed in Ω with the free-surfae boundary ondition, v · n = 0 on Γ,
ρ
∂v
∂t
−∇p = f in Ω,
∂p
∂t
−
n∑
l=1
∂ηl
∂t
= µRdiv(v) in Ω,
∂ηl
∂t
+ ωlηl = µRyldiv(v),∀l in Ω,
v · n = 0, on Γ,
p = 0, on ΓD.
(34)
DΓ
n
Γ
Ω
DΓ
C
Figure 8: Geometry of the problem: on the left the initial domain Ω and on the right the
extended domain C.
The main idea of the titious domain method is to extend the solution to a domain with a
simple shape, independent of the omplex geometry of the boundary, and to impose the boundary
ondition in a weak way by introduing a Lagrange multiplier. Following this idea, we extend
the solution (v, p, ηl) by zero in the domain C (whih is here a retangle, see Figure 8). We
denote (v˜, p˜, η˜l) the extended solution and have,
[v˜n]Γ = 0⇒ v˜ ∈ H(div, C), [p˜]Γ 6= 0, [η˜l]Γ 6= 0.
Thus, system (34) for the extended solution, an be written (in the distributional sense),
ρ
∂v˜
∂t
−∇p˜ = f + [p˜]nδΓ in C,
∂p˜
∂t
−
n∑
l=1
∂η˜l
∂t
= µRdiv(v˜) in C,
∂η˜l
∂t
+ ωlη˜l = µRyldiv(v),∀l in C,
v˜ · n = 0, on Γ,
p = 0, on ΓD.
(35)
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In (35) we have two types of unknowns, the extended unknowns, dened in the simple shape
domain C and the auxiliary variable [p˜], dened on the boundary Γ. We introdue λ = [p˜]
as a new unknown dened on Γ. This unknown an be interpreted as a Lagrange multiplier
assoiated with the boundary ondition on Γ. The variational formulation of the problem an
then be written as follows,

Find (v, p,H, λ) :]0, T [7−→ H(div;C)× L2(C)× (L2(C))L ×H1/2(Γ) s.t.
d
dt
(ρv,w) + b(w, p)− bΓ(λ,w) = (f ,w), ∀w ∈ H(div;C),
d
dt
(
1
µR
p, q)−
L∑
l=1
d
dt
(
1
µR
ηl, q)− b(v, q) = 0, ∀q ∈ L
2(C),
d
dt
(
1
µRyl
ηl, q) + (
ωl
µRyl
ηl, q)− b(v, q) = 0, ∀l, ∀q ∈ L
2(C),
bΓ(µ,v) = 0, ∀µ ∈ H
1/2(Γ),
where
bΓ(µ,w) =
∫
Γ
µ w · nds, ∀(µ,w) ∈ H1/2(Γ)×H(div;C).
For the disretization of this problem we onsider a strutured volume mesh Th on C, and
an irregular surfae mesh Ghs on Γ. The main advantage of this formulation is that the mesh for
omputing the extended funtions an now be regular while the surfae mesh is irregular and
permits a good and eient approximation of the geometry (see Figure 9).
h h sD
Γ
C
Γ Γ
Figure 9: The two meshes used in the titious domain method: a strutured volume mesh on
the domain C and an irregular surfae mesh on Γ.
To disretize the volume unknowns (v, p,H) we use the nite element method desribed in
setion 6 while for the Lagrange multiplier λ we use pieewise linear ontinuous funtions on
Ghs , i.e., the approximation spae is,
Ghs =
{
µhs ∈ H
1/2(Γ) / ∀S(segment) ∈ Ghs , µhs |S ∈ P1(S)
}
.
To simplify the presentation, we onsidered in system (34) the homogeneous Dirihlet bound-
ary ondition on the boundary ΓD. When the domain is innite we use the perfetly mathed
layer model whih will be desribed in the following setion.
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8 The PML method
The perfetly Mathed Layer model was introdued by Bérenger [8, 9℄ for Maxwell's equations
and is now the most widely-used method for simulating wave propagation in unbounded domains.
The reader an refer to [34, 31, 28℄ for eletromagneti waves, to [4℄ for anisotropi aousti waves
and to [16, 4℄ for elasti waves. The popularity of this model is due to its simpliity and eieny.
Its most astonishing property is that for the ontinuous problem the reetion oeient at the
interfae between the layer and the free medium is zero for all frequenies and angles of inidene.
To derive the PML for the visoaousti system (23) we follow the approah proposed in [16℄
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Figure 10: PML in the x-diretion: the physial medium is on the left and the absorbing medium
is a layer of width δ.
whih applies to any rst-order linear hyperboli system. We present here the onstrution of a
PML in the x-diretion (see Figure 10). Deriving then the PML for the other boundaries and
the orners of the omputational domain is a straightforward appliation of the same tehnique.
Following [16℄ we onstrut the PML model in two steps: (i) We split the solution (v, p, {ηl})
into two parts (v‖, p‖, {η
‖
l }) and (v
⊥, p⊥, {η⊥l }), with the parallel part being assoiated with
the derivatives in the y-diretion (diretion parallel to the interfae between the PML and the
physial medium), and the orthogonal part assoiated with those in the x-diretion. (ii) We
introdue damping only on the orthogonal omponent of the solution.
When applying the splitting step to (23) by remarking that v
‖ = (0, vy) and v
⊥ = (vx, 0),
we obtain, 
ρ
∂vy
∂t
=
∂p
∂y
∂p‖
∂t
−
L∑
l=1
∂η
‖
l
∂t
= µR
∂vy
∂y
∂η
‖
l
∂t
+ ωlη
‖
l = µRyl
∂vy
∂y
,
(36)
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and 
ρ
∂vx
∂t
=
∂p
∂x
∂p⊥
∂t
−
L∑
l=1
∂η⊥l
∂t
= µR
∂vx
∂x
∂η⊥l
∂t
+ ωlη
⊥
l = µRyl
∂vx
∂x
,
(37)
with {
p = p‖ + p⊥
ηl = η
‖
l + η
⊥
l , ∀l.
(38)
To apply the damping on the orthogonal omponents it is simpler to onsider system (37) in the
frequeny domain. Then the PML onsists in replaing the x-derivatives ∂x by
iω
iω + d(x)
∂x (f.
[16℄). Following this approah, system (37) in the frequeny domain beomes,
(i) ρ(iω + d(x))∂vx =
∂p
∂x
(ii) (iω + d(x))p⊥ −
L∑
l=1
(iω + d(x))η⊥l = µR
∂vx
∂x
(iii) (iω)(iω + d(x))η⊥l + (iω + d(x))ωlη
⊥
l = (iω)µRyl
∂vx
∂x
,
(39)
where d(x) is the damping parameter whih is equal to zero in the physial medium and non-
negative in the absorbing medium.
We now introdue new variables η˜l dened by,
iωη˜l = (iω + d(x))η
⊥
l , ∀l, (40)
or equivalently in time domain,
∂η˜l
∂t
=
∂η⊥l
∂t
+ d(x)η⊥l , ∀l.
Using (40) in (39) and going in the time domain we get,
ρ
∂vx
∂t
+ ρd(x)vx =
∂p
∂x
∂p⊥
∂t
+ d(x)p⊥ −
L∑
l=1
∂η˜l
∂t
= µR
∂vx
∂x
∂η˜l
∂t
+ ωlη˜l = µRyl
∂vx
∂x
.
(41)
The nal system of equations for the PML is (41) together with (36), with p being dened by
p = p‖+ p⊥. Note that the memory variables ηl do not appear, and only the omponent η
‖
l and
the variables η˜l do appear, in this system.
Using a plane wave analysis, it an be shown (f. [16℄) that this model generates no reetion
at the interfae between the physial and the absorbing medium and that the wave dereases
exponentially inside the layer. This property allows the use of a very high damping parameter
inside the layer, and onsequently of a small layer width, while ahieving a near-perfet absorp-
tion of the waves. Note that for a nite-length absorbing layer there is some reetion due to
the outer boundary of the PML.
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Remark 1 To disretize the PML we use the same sheme as for the interior domain.
Remark 2 The damping d(x) is zero in the physial domain and non negative in the absorbing
medium. In the numerial simulations it is dened as in [16℄,
d(x) =
{
0 for x < 0
log
(
1
R
) (n+1)√ µR
ρ
2δ (
x
δ )
n
for x ≥ 0
(42)
where R is the theoretial reetion oeient, δ the width of the PML and n = 4.
In pratie, we take R = 5.0 10−7, and δ ≈ 30∆x (depending on the wavelength).
9 Numerial results
9.1 Sattering from a irular ylinder
In order to validate the proposed numerial method we onsider in this setion the anon-
ial problem of a plane wave (Riker wavelet) striking a visoaousti homogeneous irular
ylinder. The geometry of the problem is displayed in Figure 11. A homogeneous visoaous-
ti irular ylinder of radius a (domain Ω2) is surrounded by a homogeneous non-dissipative
medium (domain Ω1). We denote by Γ1 the interfae between the two domains Ω1 and Ω2. The
physial harateristis of the media are ρ1 = 1000Kgr/m
3
, c1 = 3050m/s, Q1 = +∞ in Ω1
and ρ2 = 1800Kgr/m
3
, c2 = 3050m/s and Q2 = 30 in Ω2. The soure funtion used in this
example is given by (18) with f0 = 2.5Hz. For this problem, the solution an be omputed by
an analytial method desribed in what follows.
ρ =1000Kg.m
ρ =1800Kg.m−3
−3
c =3050 m.s
c =3050 m.s
−1
−11
1
2
Ω
2
2
Ω1
1200 m
3500 m
3500 m
R2
R1
R3
Figure 11: The geometry of the problem: a homogeneous visoaousti ylinder of radius a
(domain Ω2) embedded in a non-dissipative homogeneous medium (domain Ω1).
Consider the following inident plane wave (with inident angle 0 ≤ θi < 2π),
pi1(x) = A
i
0
n=∞∑
n=−∞
e−in(θ
i+π
2
)Jn(k0r)exp(inθ); ∀x = (r cos(θ), r sin(θ)) ∈ Ω1. (43)
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Using the partial wave expansion we an express the solutions pj ∈ Ωj, j = 1, 2 in the following
form,
p1(x) = p
i
1(x) +
n=∞∑
n=−∞
a1nH
(1)
n (k1r)exp(inθ), ∀x ∈ Ω1
p2(x) =
n=∞∑
n=−∞
a1nJn(k2(ω)r)exp(inθ), ∀x ∈ Ω2,
(44)
with H
(1)
n the rst-kind Hankel funtion of order n , Jn the Bessel funtion of order n and where
the wave number in Ω2 is omputed by (3),
k2(x, ω) = k2(ω) =
ω
cref
(
iω
ωref
)− 1
π
atan( 1
Q2
)
. (45)
To ompute the oeients a1n and b1n we introdue the expressions for p1 and p2, i.e., equa-
tion (44) in the transmission boundary onditions on Γ1 (ontinuity of the pressure and the
normal omponent of veloity). After projeting the resulting system onto the Fourier basis(
1
2π
exp(−imθ); m ∈ Z
)
we obtain,
a1n =
γ1J˙n(χ1)Jn(χ2)− γ2Jn(χ1)J˙n(χ2)
γ1H˙
(1)
n (χ1)Jn(χ2) + γ2J˙n(χ2)H
(1)
n (χ1)
Ai0e
−in(θi+π
2
)
b2n =
γ1J˙n(χ1)H
(1)
n (χ1)− γ1Jn(χ1)H˙
(1)
n (χ1)
γ2J˙n(χ2)H
(1)
n (χ1) + γ1H˙
(1)
n (χ1)Jn(χ2)
Ai0e
−in(θi+π
2
),
(46)
with Z˙n(z) =
dZn(z)
dz , χj = kja, and γj =
kj
ρj
. The insertion of these expressions into (44) gives
the nal solution of the problem [33℄. Comparison of results between the analytial and the
numerial solution are displayed in Figure 12 where we an see that good agreement is obtained
between the two.
Solution at point R1 Solution at point R2 Solution at point R3
0 1 2 3 4 5
−250
−200
−150
−100
−50
0
50
100
150
t(s)
P
0 1 2 3 4 5
−400
−300
−200
−100
0
100
200
300
t(s)
P
0 1 2 3 4 5
−60
−40
−20
0
20
40
60
t(s)
P
Figure 12: Comparison between the analytial solution (dashed line) and the numerial solution
(ontinuous line) at dierent observation points R1, R2 and R3. The loation of the observation
points is illustrated in Figure 11. In the gures the x-axis is time (in s) and the y-axis is the
pressure eld.
In the numerial simulation, we assume that the problem is posed in the whole spae and to
solve it, we ouple system (27) with the perfetly mathed absorbing layer model (PML).
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9.2 Simulation of the response to an inident ylindrial wave of a dike on
a exible foundation embedded in a half-spae
To illustrate the eieny of the method we model in this setion the response to an inident
ylindrial wave of a dike on a exible foundation embedded in a half-spae. This partiular
problem was onsidered in [32℄ where it was solved using an expansion of the solution in ylindri-
al wave funtions in the ase of non-dissipative media. In [32℄ the authors studied this problem
for dierent material parameters in order to determine how sti the foundation should be rel-
ative to the soil for the rigid foundation assumption in soil-struture interation models to be
valid. They onluded that a foundation with the same mass density as the soil but 50 times
larger shear modulus behaves in rigid manner for this problem. However, for ratios of shear
moduli less than 16, the rigid foundation assumption is not valid. In this ase, soil-struture
interation models with a rigid-foundation assumption will not model the dierential motion of
the ground and may underestimate the stresses in the struture (f. [32℄). We onsider here a
ratio of shear moduli equal to 4. Soil-struture interation is taken into aount owing to the
fat that we disretize the ontinuous problem.
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Figure 13: The geometry of the problem: a dike on a exible foundation embedded in a half-
spae.
The geometry of the problem is illustrated in Figure 13, where Γ denotes the free surfae, Ω0
the hard bedrok, Ω1 the exible foundation and Ω2 the dike. The physial parameters used in
the simulation are ρ0 = 1000Kg/m
3
, c0 = 1450m/s, Q0 = +∞ in the bedrok, ρ1 = 1000Kg/m
3
,
c1 = 2900m/s, Q1 = 30 in Ω1 and ρ2 = 250Kg/m
3
, c2 = 725m/s, Q2 = 100 in the dike. The
angle θ is equal to π/2.
In Figure 14 we display snapshots of the solution (the pressure eld) at dierent times.
Diration from the free surfae is modeled by embedding the solution in a domain of a simple
shape using the titious domain method. To model wave propagation in the innite half-spae
the titious domain is surrounded by an absorbing medium using the PML model. Although
for this problem a semi-analytial method similar to the one used in [32℄ an be employed to
ompute the solution, the numerial method proposed in this paper is more general in that it an
be applied to any ompliated geometry and/or propagation media. Moreover, our numerial
method an be of partiular interest in ases where the rigid foundation assumption is not valid
as it an provide realisti values for the stresses in the struture.
Conlusion
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t = 2s t = 3s
t = 5s t = 8s
t = 9s t = 9.5s
Figure 14: Snapshots of the solution: the pressure eld in the omputational domain at dierent
times
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We employed a rational approximation of the frequeny-dependent visoaousti modulus in or-
der to introdue dissipation into time-domain omputations. To do so, we followed the approah
in [18℄ and hose relaxation frequenies wl(x) equidistant on a logarithmi sale in the frequeny
range [wmax100 ;wmax], where wmax is the maximal frequeny of the used soure spetrum. This
approah will be aurate for propagation in media with a quality fator greater than 10. For
media with high attenuation (Q < 10) it is neessary in order to obtain aurate results to use
a non-linear minimization method suh as the one proposed in [1℄.
By introduing this approximation of the visoaousti modulus into the veloity-pressure
formulation we obtained a rst-order- in-time linear system of equations. To disretize this
system we used a mixed nite-element method for the disretization in spae and a seond-order
nite dierene sheme in time.
The veloity-pressure formulation was oupled with the titious domain method in order
to model the free surfae boundary ondition on boundaries with ompliated geometries, and
with the PML method to simulate wave propagation in unbounded domains. The eieny of
the method was illustrated by numerial results.
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A Stability analysis
A.1 The ontinuous problem
We rewrite the ontinuous system in time with zero soure term,
ρ
∂v
∂t
= ∇p, (47)
∂p
∂t
−
n∑
l=1
∂ηl
∂t
= µRdiv(v), (48)
∂ηl
∂t
+ ωlηl = µRyldiv(v),∀l. (49)
By taking the inner produts (in L2) of (47) with v, (48) with
(
p−
L∑
l=1
ηl
)
, and (48) with ηl
we get (
ρ
∂v
∂t
,v
)
= (∇(p),v) , (50)(
∂
∂t
(
p−
n∑
l=1
ηl
)
,
(
p−
n∑
l=1
ηl
))
= µR
(
div(v),
(
p−
n∑
l=1
ηl
))
, (51)(
∂ηl
∂t
, ηl
)
+ (ωlηl, ηl) = µRyl (div(v), ηl) . (52)
Then, summing (50) +
(51)
µR
+
L∑
l
(52)
ylµR
, we obtain,
(
ρ
∂v
∂t
,v
)
+
1
µR
(
∂
∂t
(
p−
n∑
l=1
ηl
)
,
(
p−
n∑
l=1
ηl
))
+
L∑
l=1
1
ylµR
(
∂ηl
∂t
, ηl
)
= −
L∑
l=1
ωl
µRyl
(ηl, ηl)
(53)
Keeping in mind that the energy of the system is,
ε =
1
2
(ρv,v) +
1
2µR
(
(p −
L∑
l=1
ηl), (p −
L∑
l=1
ηl)
)
+
L∑
l=1
1
2ylµR
(ηl, ηl) (54)
we nally get,
∂ε
∂t
= −
L∑
l=1
ωl
µRyl
‖ηl‖
2 ≤ 0. (55)
Whih implies that the energy of the system is dereasing with time, when ωl, µR and yl are
positive quantities. The relaxation frequenies ωl are always positive and the same holds for the
relaxed modulus µR. The oeients yl an in pratie beome negative if we do not solve a
onstraint minimization problem. However, we never enountered in pratie a ase for whih
−
L∑
l=1
ωl
µRyl
‖ηl‖
2 ≥ 0,
and thus the problem beomes unstable (in the sense that the energy inreases). To avoid this
instability a onstraint minimization algorithm seeking for non-negative yl an be used.
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A.2 The disrete problem
We onsider here the more general ase where the pressure eld is disretized in M1h . Let us
remark that the disretization spae M1h admits the following orthogonal deomposition in L
2
,
M1h = Mh ⊕ (Mh)
⊥,
where Mh is the spae of pieewise onstant funtions,
Mh =
{
qh ∈ L
2 / ∀K ∈ Th, qh|K ∈ P0(K)
}
,
and (Mh)
⊥
is its orthogonal omplement in M1h (with respet to the inner produt in L
2
). To
simplify the notation, we denote by P the disrete unknown assoiated with the pressure eld
P = ph ∈M
1
h , so that we an write P = [P0, P1] with P0, the projetion of P on Mh and P1 the
projetion of P on M⊥h . The memory variables are only disretized on Mh .
In this ase, we an rewrite the disrete system as, (apital letters are used for the disrete
unknowns and the subsript h is omitted)
ρ
V n+
1
2 − V n−
1
2
∆t
= −B0hP
n
0 −B
1
hP
n
1 (56)
Pn+10 − P
n
0
∆t
−
L∑
l=1
Hn+1l −H
n
l
∆t
= µRB
0,T
h V
n+ 1
2
(57)
Pn+11 − P
n
1
∆t
= µRB
1,T
h V
n+ 1
2
(58)
Hn+1l −H
n
l
∆t
+ ωl
Hn+1l +H
n
l
2
= µRylB
0,t
h V
n+ 1
2
(59)
Then onsidering the inner produts ((56) at time (n+1)− ((56) at time n))× V n+
1
2
,
(57)×
(
Pn+10 −
L∑
l=1
Hn+1l + P
n
0 −
L∑
l=1
Hnl
)
, (58)×
(
Pn+11 + P
n
1
)
, and (59)×
(
Hn+1l +H
n
l
)
, we
get,(
ρV n+
3
2 , V n+
1
2
)
= (60)(
ρV n+
1
2 , V n−
1
2
)
−∆t
(
B0h(P
n
0 + P
n+1
0 ), V
n+ 1
2
)
−∆t
(
B1h(P
n
1 + P
n+1
1 ), V
n+ 1
2
)
‖Pn+10 −
L∑
l=1
Hn+1l ‖
2 = (61)
‖Pn0 −
L∑
l=1
Hnl ‖
2 +∆t µR
(
B0,Th V
n+ 1
2 , Pn+10 + P
n
0
)
−∆tµR
(
B0,Th V
n+ 1
2 ,
L∑
l=1
Hn+1l +H
n
l
)
‖Pn+11 ‖
2 = ‖Pn1 ‖
2 +∆tµR
(
B1,Th V
n+ 1
2 , Pn+11 + P
n
1
)
(62)
‖Hn+1l ‖
2 = ‖Hnl ‖
2 − ωl∆t
‖Hn+1l −H
n
l ‖
2
2
+ µR∆tyl
(
B0,Th V
n+ 1
2 ,Hn+1l +H
n
l
)
(63)
Finally summing (60) +
(61)
µR
+
(62)
µR
+
L∑
l=1
(63)
ylµR
, we get,
εn+1h − ε
n
h
∆t
= −
L∑
l
ωl
µRyl
‖Hn+1l +H
n
l ‖
2
4
, (64)
25
with the disrete energy being dened by,
2εnh =
(
ρV n+
1
2 , V n−
1
2
)
+
1
µR
‖Pn1 ‖
2 +
1
µR
‖Pn0 −
L∑
l=1
Hnl ‖
2 +
L∑
l=1
1
µRyl
‖Hnl ‖
2. (65)
Equation (64) shows that the disrete energy is also dereasing, under the same assumptions on
yl as in A.1.
To show under whih ondition the quantity dened by (65) is positive and thus an energy,
we use the orthogonality relation between P0 and P1 (note that P1 is also orthogonal to Hl), to
get,
2εnh =
(
ρ(V n+
1
2 + V n−
1
2 ), (V n+
1
2 + V n−
1
2 )
)
+
1
µR
‖Pn‖2 +
L∑
l=1
1
µRyl
‖Hnl ‖
2+
1
µR
(
L∑
l=1
Hnl ,
L∑
l=1
Hnl
)
−
2
µR
(
Pn,
L∑
l=1
Hnl
)
−
∆t2
4ρ
(BhP
n, BhP
n)
or
2εnh ≥
1
µR
[(
1−
∆t2µR‖Bh‖
2
4ρ
)
‖Pn‖2 +
∥∥∥∥∥
L∑
l=1
Hnl
∥∥∥∥∥− 2
(
Pn,
L∑
l=1
Hnl
)
+
L∑
l=1
1
yl
‖Hnl ‖
2
]
where Pn = Pn0 + P
n
1 and BhP
n = B0hP
n
0 + B
1
hP
n
1 . We rewrite this equation as a matrix
assoiated with the quadrati formulation and we prove that the eigenvalues of this matrix are
positive under the CFL ondition,
∆t2
4
µR
ρ
||Bh||
2
(
1 +
L∑
l=1
yl
)
≦ 1 (66)
with ||BThBh|| ≧
4
h2
in 1D and ||BThBh|| ≧
8
h2
in 2D.
B Dispersion analysis
B.1 The ontinuous problem
Suppose that v(x, t), p(x, t), and ηl(x, t)∀l, are plane waves,
v(x, t) = v0exp (i (ωt−Kx)),
p(x, t) = p0exp (i (ωt−Kx)),
ηl(x, t) = η
0
l exp (i (ωt−Kx)),
where Kx = kx in 1D and Kx = kxx+ kyy = kcos(Φ)x+ ksin(Φ)y, Φ being the inident angle
of the plane wave in 2D. Introduing this expression into the time domain system (23), we get
the dispersion relation,
ω2 = K2c2R
(
1 +
L∑
l=1
iωyl
iω + ωl
)
(67)
with cR =
√
µR
ρ the relaxed veloity. If the medium is non-dissipative (i.e., yl = 0∀l), (67)
beomes the well-known relation ω2 = K2c2. Note that the dispersion relation (67) is no longer
expliit in ω.
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B.2 The disrete problem
We are interested in the general formulation for whih the pressure eld is disretized in M1h
and ηl in Mh. Considering that V , P , and Hl are plane waves, and employing the same notation
as in A.2, we get,
sin2 (χt) =
∆t2c2R
4
(
BhB
T
h +
L∑
l=1
B0hB
0,T
h
2iyltan (χt)
∆tωl + 2itan (χt)
)
(68)
wherein χt =
ω∆t
2 , ∆t being the disretization step in time. After some alulations we obtain,
sin2
(
ω∆t
2
)
=
∆2t c
2
4
(
sin2
(
kx∆x
2
)
+ sin2
(
ky∆y
2
))(
1 +
L∑
l=1
2iyl tan
(
ω∆t
2
)
∆tωl + 2i tan
(
ω∆t
2
))
in 2D
sin2
(
ω∆t
2
)
=
∆2t c
2
4
(
sin2
(
k∆x
2
))(
1 +
L∑
l=1
2iyl tan
(
ω∆t
2
)
∆tωl + 2i tan
(
ω∆t
2
))
in 1D
(69)
wherein ∆x and ∆y are the disretization step in spae. In our ase ∆x = ∆y = h.
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